In this work, we present a theoretical study of the magnetic susceptibility (χ ) of two-electron GaAs parabolic quantum dot (QD) under the combined effects of external pressure, temperature and magnetic field. We used the exact diagonalization method to obtain the eigenenergies by solving the two electron quantum dot Hamiltonian taking into account the dependence of the effective mass and dielectric constant on the hydrostatic pressure and temperature. The pressure and temperature show significant effects on the calculated QD spectra. Next, we investigate the behavior of the magnetization of a quantum dot as a function of external pressure, temperature, confining frequency and magnetic field. The singlet-triplet transitions in the ground state of the quantum dot spectra and the corresponding jumps in the magnetic susceptibility spectra have been shown. The comparison shows that our results are in very good agreement with the reported works.
interacting electrons in the quantum dot. In section III, we give the numerical results for the energy spectra and the magnetic susceptibility of the QD. We devoted the final section for conclusions.
Theory
In this section we describe in detail the main two parts of the theory, namely: quantum dot Hamiltonian and exact diagonalization method and the magnetic susceptibility of GaAs quantum dot.
Quantum Dot Hamiltonian
The effective mass Hamiltonian for two interacting electrons confined in a QD by a parabolic potential in a uniform magnetic field = can be written in a separable form as:
= P + A R + Mω R (2) = p + A (r ) + μω r + | |
Where ω is the confining frequency, = * is the reduced mass, M=2m is the total mass, = is the reduced charge, Q=2e is the total charged and ϵ is the dielectric constant for the GaAs medium. = and = − are the center of mass and relative coordinates, respectively. ω = * is the cyclotron frequency and = × is the vector potential.
The corresponding energy of this Hamiltonian equation (1) is:
The center of mass Hamiltonian given by equation (2) is a harmonic oscillator type with well-known eigenenergies:
E , = (2n + |m | + 1)ℏ ω + m ℏ
where n , m and = + are the radial, angular quantum numbers and effective confining frequency, respectively. However, the relative motion Hamiltonian part (H ), given by equation (3) does not have an analytical solution for all ranges of ω and ω . In this work, we applied the exact diagonalization method to solve the relative part of the Hamiltonian and obtain the corresponding eigenenergies .
Exact Diagonalization Method and Magnetic Susceptibility
For non-interacting case the relative Hamiltonian in equation (3) is a single particle problem with eigenstates ⎸ > (Kouwenhoven, Austing, & Tarucha, 2001) ,
where the functions L | | (α r ) are the standard associated Laguerre polynomials . We calculated the normalization constant N from the normalization condition of the basis, < ⎸ >= 1 , which resulted in
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The eigenenergies of the QD Hamiltonian which are given by equation (4) consist of the sum of the energies for the center of mass Hamiltonian ( ) and the eigenenergies( )which are obtained by direct diagonalization to the relative Hamiltonian part. For interacting case, we applied the diagonalization method to solve equation (3) and find the corresponding exact eigenenergies for arbitrary values of ω and ω .
We can write the matrix element of the relative Hamiltonian part using the basis ⎹ > as,
The first term in the right side of equation (9) is diagonalized as,
Where the coulomb matrix energy can be given as
where = and λ = ℏ are dimensionless parameters while = 1 + is the effective confining frequency.
By changing the coordinate transformation to t-variable by direct substitution of = √ in the integrationI = ˎ , we can express the coulomb energy matrix element into the integral form:
We evaluated the above coulomb energy matrix element in a closed form by using the Laguerre relation given in the appendix A (Nguyen & Sarma, 2011) .
This closed form result of the coulomb energy reduces greatly the computation time needed in the diagonalization process.
In our calculation, we have used the basis ⎸ > defined by equation (6) to diagonalize the relative QD Hamiltonian and obtain its corresponding eigenenergies . The exact diagonalization method is used in spanning the total Hamiltonian for the selected single electron basis and extract the lowest eigenvalues (eigenenergies) of the matrix. The procedure of increasing the number of linearly independent eigenstates is converging to the exact results. In each step the new energy results are compared with previous results from a smaller apace, until satisfactory convergence is achieved.
Next step, we have calculated the magnetic susceptibility ( ) from the mean energy 〈 ( ) 〉 and the magnetization (M) of the two-electron quantum dot using the statistical thermodynamic relations:
where, the statistical energy 〈 ( )〉 is obtained by the help of the partition function.
To include the effect of the pressure (P) and temperature (T) on the QD energy states and the magnetization we replace the dielectric constant with ( , ) and the effective mass * with ( , ) in the QD Hamiltonian as defined by Equations 2 and 3, where ( , ) and * ( , ) are the pressure and temperature dependent dielectric constant and electron effective mass, respectively. These pressure and temperature dependent mass parameters should be included in the energy spectrum Eq.4 and the wave functions basis eq.6 of the Hamiltonian. For quantum dot made of GaAs the dependency of ( , ) and * ( , ) are given in appendix B (Rezaei & Kish, 2012 The pressure and temperature effective Rydberg ( * ( , )) is used as the energy unit and given as follows:
Where * ( , ) is the effective Bohr radius and given as: * ( , ) = ( , )ħ /( * ( , ) ) (15) So the effective Rydberg can be written as:
We change the pressure and temperature values to see their effects on the ground state energy of the QD Hamiltonian in both cases: zero ( = 0) and finite magnetic field ( ). Eventually, the ground state energies of the two electron-quantum dot system will be calculated as function of temperature (T), pressure (P), confining frequency ( ) and magnetic field cyclotron frequency ( ) .The obtained numerical results are displayed in the next section.
Results and Discussions
We present the effects of pressure, temperature, confining frequency and magnetic field cyclotron frequency on the magnetic susceptibility of two interacting electrons in a quantum dot made from GaAs material (effective Rydberg R*= 5.825
) in Figures 1 to 5 and Table 1 . To achieve our aim, it is essential, as a first step, to investigate the dependence of the QD energy levels on the pressure and temperature. In Figure 1 , we display the dependence of the QD energy states (m=0, 1, 2, 3 and 4) on the magnetic field, , for pressure P=10Kbar and temperature T=0.0K. We found that the overall shape of the spectra of the QD remains the same while the eigenenergies are enhanced under the effect of external pressure. For zero magnetic field and zero pressure case, we have tested in Table 1 , the computed numerical results against the corresponding ones taken from the work of Ciftja and Kumar (Ciftja & Kumar, 2004) . The comparisons give excellent agreement between the energy spectra of two-electron QD Hamiltonian solved by both exact numerical and variational methods (Ciftja & Kumar, 2004; Ciftja & Kumar, 2004; Kandemir, 2005; Dybalski & Hawrylak, 2005) . The QD spectra shows transitions in the ground state angular momentum (m) as the magnetic field increases. For example, we observed the first transitions in the angular momentum of the ground state of the QD system, from m=0 to m=1, occurs at ≈ 0.8 * while the second transition ( from m=1 to m=2 ) occurs at ≈ 1.2 * . These transitions show themselves as cusps in the presented QD-magnetization curves. Figure 2 , displays the energies of the quantum dot state (m=0) against the magnetic field for various pressure values: P =0, 10, 20 and 30 Kbar and Temperature T=0.0. For fixed particular value of the magnetic field, the figure clearly shows an enhancement in the energy level as the pressure increases. As the pressure increases the dielectric constant decreases leading to a significant electron-electron coulomb energy enhancement. Next we show the dependence of the magnetic susceptibility of the QD on the pressure, temperature and magnetic field. Figures 3a and 3b show the effects of the pressure on the dependence of the magnetic susceptibility on magnetic field. The magnetic susceptibility plotting is given for no external pressure ( P=0.0 ) and for pressure value, P=30.0 Kbar, at temperature T=.01 K and confining energy frequency = 0.5 * . Figures 3a and 3b show that as the pressure increases: P=0.0 Kbar to 30 Kbar, the absolute value of the magnetic susceptibility ( ⎸ ⎸) at = 0.0 also increases. In addition the heights of the peaks enhance as the magnetic field increases .For example, we can observe the changes in the height of peak number five which is located at ≈ 3.8 * . This magnetic susceptibility behavior, under the effect of pressure, can be attributed to the enhancement of the electron-electron repulsive coulomb interaction energy in the quantum dot. As the pressure increases the dielectric constant, ( ), decreases and thus the coulomb interaction energy term, ≈ ( ) , in the QD-Hamiltonian, enhances. This leads to a significant energy increase in the total energy state of the electron making the electron unstable. The electron in this case makes a jump to another state with higher angular momentum (m) in order to reduce its coulomb energy, and in effective its total energy decreases, to become more stable. Figure 4 shows the effect of temperature on the QD magnetic susceptibility plot by changing the temperature from T = 0.01K (Figure 3a) to T=1K (Figure 4 ) for no external pressure (P=0.0 Kbar) and the same confining frequency, = 0.5 *
. The magnetic susceptibility plot shows again a significant temperature dependence. We can clearly see the significant reduction in the height of magnetic susceptibility peaks as the temperature increases from T=0.01K to T=1K .For example,only the first peak located at = 0.4 * remains, while the rest of the peaks at high magnetic field strength almost disappear due to the thermal fluctuations and the magnetic susceptibility becomes smooth. Furthermore, we study, in Figure 5 , the effect of confining frequency on the shape of the magnetic susceptibility spectra. We consider different values of confining frequencies: , which results in shifting the peak positions of the magnetic susceptibility spectra as clearly shown. These peaks-shift behavior can be understood in this way. As we increase the confining frequency, , the electron in the quantum dot becomes more confined and this electron energy enhancement shifts significantly the location of the energy level crossings to a higher magnetic field strength. For example, our confining frequencies: = 0.5 0.8 * corresponds to transition magnetic field values: = 0.4 0.9 * , respectively. The eigenenergies are obtained by diagonalizing the full QD-Hamiltonian matrix given by equation (9). In all steps of calculations, the numerical convergence is achieved. For example, the ground state energy calculated at = 3 in Table 1, converges 
Conclusions
The electronic energy levels and the magnetic susceptibility of two interacting electrons in the quantum dot have been calculated as a function of pressure, temperature confining frequency and magnetic field. The magnetic susceptibility spectra shows some peak structures which correspond to the energy levels and the associated spin-singlet-triplet transitions in the ground state of the quantum dot .The calculations show that the absolute value of the magnetic susceptibility ( ⎸ ⎹ ) and the height of the transition peaks in the susceptibility spectra enhances also as the pressure increases, while keeping the values of temperature and magnetic field strength unchanged. In addition, the magnetic susceptibility spectra shows a temperature dependent behavior. The height and the number of the transition peaks in the magnetic susceptibility spectra changes significantly due to the thermal fluctuations. Furthermore, the confining frequency has a significant effect on the magnetic susceptibility spectra. We have observed that, as the confining frequency increases, the energy of the electrons increases and thus the positions of the energy level crossings are shifted towards a higher transition field strength. This in turn leads to changes in locations of the peaks spectra in the magnetic susceptibility spectra of the quantum dot.
Appendix A: Properties of the Laguerre polynomials
The following Laguerre relation was used to evaluate the coulomb energy matrix element in a closed form (Nguyen & Sarma, 2011) : Where is the free electron mass, г ( , ) is the pressure and temperature dependent energy band gap for GaAs quantum dots at г point, b= 1.26× 10 eV GPa and c = -3.77× 10 eV GPa (Rezaei & Kish, 2012) .
